Mechanical resonators are macroscopic quantum objects with great potential. They couple to many different quantum systems such as spins, optical photons, cold atoms, and Bose Einstein condensates. It is however difficult to measure and manipulate the phonon state due to the tiny motion in the quantum regime. On the other hand, microwave resonators are powerful quantum devices since arbitrary photon state can be synthesized and measured with a quantum tomography. We show that a linear coupling, strong and controlled with a gate voltage, between the mechanical and the microwave resonators enables to create quantum phonon states, manipulate hybrid entanglement between phonons and photons and generate entanglement between two mechanical oscillators. In circuit quantum optomechanics, the mechanical resonator acts as a quantum transducer between an auxiliary quantum system and the microwave resonator, which is used as a quantum bus. Nano-mechanical systems (NMS) have been recently cooled down to their ground state [1] [2] [3] . Such breakthroughs open the path toward the test of quantum mechanics for massive macroscopic systems, especially above the Planck mass m P ≃ 22 µg, where gravitation starts to play a role in the dynamics [4, 5] . Moreover, the displacement of a NMS can be coupled to a large variety of quantum systems, such as optical photons [6] [7] [8] [9] , atoms [10] [11] [12] , spins [13, 14] and even Majorana bound states [15] . NMS naturally constitute a quantum transducer between quantum systems of different nature, gathering their potentialities. In particular, microwave resonators can be used to synthesize arbitrary quantum phonon states and to measure the state of the mechanical oscillator with quantum tomography [16] . Combining microwave photons and phonons gives rise to the field of circuit quantum optomechanics.
In this paper, we consider a microwave resonator coupled linearly to several mechanical oscillators. Each mechanical resonator can be coupled to an auxiliary quantum system, as depicted in Fig. 1 . The linear coupling is obtained by adding a gate voltage on the NMS [17] . This coupling is known in quantum optics as the "beam splitter interaction" [18, 19] and gives rise to coherent oscillations between the two resonators. The gate voltage may generate a strong coupling and allows to freeze the dynamics when the desired state is reached. This powerful setup gives full access to the state of the mechanical oscillator, which is extremely challenging with a direct measurement. This exciting achievement is realizable experimentally thanks to the last breakthroughs in circuit QED for the preparation and the detection of a photonic density matrix [16] . We demonstrate that the density matrix of the mechanical oscillator can be measured by performing quantum tomography of the microwave resonator once the phononic state has been transferred to the photons. We show how to use this hybrid device to synthesize arbitrary quantum phonon states as well as to generate entanglement between phonons and photons. When two mechanical oscillators are coupled to the same microwave resonator, entanglement can be created between the phonons and then swapped between one of the mechanical oscillators and the photons.
In the quantum regime, the mechanical resonator oscillates with an amplitude of the order of the zero-point fluctuations x zpf = /2M Ω, which is a few femtometers for a mass M of few femtograms and a frequency Ω in the gigahertz range. The mechanical oscillator and the microwave resonator are connected with the capacitance C g , see Fig. 1 . When the NMS is oscillating the capacitance depends on its position x and, because the motion is tiny, the interaction can be described with the linear law
is equal to the ratio between the zero-point fluctuations and the distance between the electrodes. This dependence gives rise to a coupling between the displacement and the electro-
Scheme of the system. The mechanical resonator acts as a quantum transducer between an auxiliary quantum system (cold atoms, spins, optical photons. . . ) and the microwave resonator, which is used as a quantum bus. Arbitrary quantum state can be synthesized in the microwave resonator and measured with a quantum tomography. magnetic energy of the microwave resonator, C (1) g V 2 x/2, where V is the voltage of the microwave resonator. When the gate voltage V g is applied on the NMS, the electric field is shifted and a part of the coupling energy becomes proportional to the voltage, C
The displacement x and the field V can then be expressed with the phonon and photon ladder operators, respectively a and b, according to x = x zpf (a + a † ) and V = V rms (b + b † ), where the root-mean-square voltage V rms is of the order of microvolts. The total coupling Hamiltonian,
, is then composed of two terms: the usual radiation pressure interaction with the strength g rad = C 
For large gate voltage V g ≫ V rms , the linear coupling can reach several megahertz, well above the radiation pressure interaction. As the coupling remains far smaller than the frequency, the rotating wave approximation can be safely applied. The total Hamiltonian of the system then reads
(1) Here we work at the resonance between the phonons and the photons. The beam splitter Hamiltonian can be obtained after linearizing the radiation pressure term at sufficiently strong driving [20] . Hamiltonian (1) includes the radiation pressure, but this coupling will not have a significant impact in the dynamics for g rad < g.
When the radiation pressure is not taken into account, the Hamiltonian conserves the total number n = a † a + b † b of excitations. Starting from the Fock state with n phonons and no photon, |n a ⊗ |0 b ≡ |n, 0 , the wavefunction |ψ n (t) evolves on the basis {|n − k, k , k = 0, . . . , n} in the form of the SU(2) coherent state [21] 
rotating around the Bloch sphere with the period T = 2π/g. Two times are very interesting during the temporal evolution, the quarter-period T 1/4 = π/2g and the eighth-period
, n , which means that the phononic Fock state is transferred into the corresponding photonic Fock state after a quarter of period, up to the phase −nθ, where θ = (1 + Ω/g)π/2, i.e.,
The phase θ accumulated can be bypassed by tuning the ratio Ω/g with the gate voltage. The accuracy of the transferred state can be quantified with the fidelity F (t) = | 0, φ|ψ(t) | of the pure state. The fidelity turns out to be equal to equal to unity at t = T 1/4 . The synthesis is thus perfect, and the phonon state can be measured from quantum tomography of the microwave resonator. Inversely, if one desires to have the phonon state |φ a , the photon state |e inθ φ b has to be synthesized in the microwave resonator. The possibility to synthesize an arbitrary quantum state for microwave photons, demonstrated in the experiment of Ref. 16 , enables to generate an arbitrary quantum phonon state. Once the appropriate photonic state is prepared, the coupling is switched on during a time T 1/4 , and the desired phononic state is obtained with a maximum fidelity. For instance, a superposition of various coherent phononic states |α a is obtained from the coherent photonic states |α + θ b . When the linear coupling is switched off, the radiation pressure interaction is still present and can in principle affect the transferred state. We however checked numerically that the fidelity is almost not affected for g rad < g.
After an eighth of period, the state is a macroscopic superposition of states |k, n − k
In the case where one photon is initially generated, e iπΩ/4g |0, 1 , the maximally entangled Bell state |Ψ is created
The entanglement of this pure state can be estimated with the von Neumann entropy S V [22, 23] of the microwave resonator, defined from its density matrix ρ b , The von Neumann entropy is equal to unity for the Bell state |Ψ and can be directly calculated from the quantum tomography measurement of the microwave resonator. This experimental technique has been recently developed in the experiments of Refs. 24 and 25 for itinerant microwave photons.
The presence of dissipation due to the unavoidable coupling to the environment changes the dynamics of the system. The finite lifetime of the phonons and the photons, inverse of the damping rates γ a and γ b , can be taken into account with the introduction of Lindbladian operators [26] 
and similarly L b for the cavity. The quantum dynamics of the total density matrix ρ is then governed by the Hamiltonian H and the Lindbladian according to the quantum master equation,
The quality factors Q a,b = Ω/γ a,b of the resonators is chosen to be equal to 10 5 in the numerical calculations. The frequency is set to Ω/2π = 1 GHz, the linear coupling g/2π = 10 MHz (θ = π/2), and the radiation pressure coupling g rad = g/100. We define the fidelity of the target state |φ as follows
The state can be visualized with the Wigner function W (α) of the density matrix, where ρ j is the reduced density matrix of one subsystem, the operator D a,b (α) is the displacement operator D a (α) = exp(αa † − α * a), similar for D b , and Π is the parity operator. The quantum tomography is experimentally performed by displacing the field with different microwave drive pulses to build the Wigner function of the state [16] . For illustration, the synthesis of the phononic voodoo cat state |ψ v = |2i + |2ie i2π/3 + |2ie −i2π/3 / √ 3 is presented in Fig. 2 . The resulting state of the mechanical oscillator is the superposition of three Gaussian states centered at x = 0, ± √ 3x zpf , the "alive", "dead", and "zombie" states. The quantum coherence of the coupled system can be probed with a Rabi spectroscopy, as presented in Fig. 3 . The state of the microwave resonator is measured continuously during the dynamics and compared to the initial state. Quantum revivals appear with the period T and indicate that the interaction is quantum coherent. The voodoo cat state is obtained with a fidelity of 99.7 % and the Fock state with 1 photon is transferred with a fidelity of 99.9 %.
The appropriate measure of entanglement of a bipartite system in the presence of dissipation is the logarithmic negativity [23, 27] , defined as
where ρ = Tr ρ † ρ and ρ Ta is the partial transpose with respect to the mechanical oscillator. Starting from a photonic state, the entanglement is maximum at the time T 1/8 , then vanishes at the time T 1/4 and so on with a period T 1/4 . The measurement of the logarithmic negativity needs a quantum tomography of the whole system, which is not possible on the mechanical oscillator. However we show that the von Neumann entropy, accessible experimentally in the microwave resonator, is a good indication of entanglement in the strong coupling regime g ≫ γ a . Indeed, in Fig. 4 presenting the temporal evolution of the entanglement, the logarithmic negativity and the von Neumann entropy have very close dynamics for sufficiently high quality factors. To quantify the contribution to the von Neumann entropy from the incoherent mixing induced by dissipation, let us define the quantity
In the case where one excitation is involved, ∆S V can be evaluated with a simple model [28] . The part of the entropy due to dissipation, ∆S V,n=1 , has maxima at times t ∈ {T 1/2 , T, . . . } and vanishes at {T 1/4 , 3T 1/4 , . . . } and close to {T 1/8 , 3T 1/8 , . . . }. Moreover, at times multiple of the period T , the initial state is fully transferred to one of the two resonators and the entanglement vanishes, i.e. ∆S V (T ) = S V (T ). As a consequence, measuring a vanishing value of S V at time T indicates that the contribution due to dissipation in the von Neumann entropy measured at time T 1/8 is negligible,
which can be used to prove the hybrid entanglement between phonons and photons. When two mechanical oscillators are coupled to the microwave resonator, an entangled state equivalent to Eq. (4) is obtained between the two oscillators after a time T 0 = π/2 √ 2g from the initial Fock state |n b ⊗|0, 0 a of the cavity [29] and can be detected by entanglement swapping. As an example, starting with one photon, the Bell state Eq. (5) between the oscillators is created after the time T 0 . To detect entanglement, one of the two linear couplings can then be switched off during the time T 1/4 to transfer the Bell state of the oscillators to the hybrid Bell state Eq. (5) between one oscillator and the cavity. The method described in the previous paragraph can be applied to detect entanglement from the cavity,
where global phases and normalizations are not explicitly written, g 1,2 refer to the linear couplings and
. If the two oscillators were not entangled, a vanishing von Neumann entropy would be measured on the cavity after the time T 1 .
The highly accurate density matrix transfer between the mechanical resonator and the microwave resonator together with the possibility to synthesize arbitrary photonic state and to perform quantum tomography on the microwave resonator can be applied to other quantum systems. As depicted in Fig. 1 , we consider an architecture composed of several quantum transducers (the mechanical oscillators) coupled to a quantum bus (the microwave resonator). Each quantum transducer is coupled to an auxiliary quantum system. As an example, the coupling of a NMS to a spin is of the Jaynes Cumming type [11, 13, 14] , the coupling to a cloud of cold atoms is linear [10, 12] , and the coupling to optical photons is mediated with the radiation pressure force [6, 7] . Information can thus be transferred between the NMS and the auxiliary quantum system, the individual couplings being controlled by the gate voltages. The information about the auxiliary quantum systems is communicated to the mechanical resonator, whose density matrix is then transferred to the microwave resonator and measured with a quantum tomography. Inversely, a quantum state can be synthesized in the microwave resonator, transferred to the mechanical resonator and communicated to the auxiliary quantum system. Communications between two auxiliary quantum systems can be also transferred directly through the transducers and the bus.
In conclusion, the linear coupling of a mechanical oscillator and a microwave resonator is a powerful device to measure and synthesize quantum phonon states and to generate and detect entanglement between phonons and photons. The entanglement of two mechanical oscillators can be generated and detected by the cavity after entanglement swapping. Circuit quantum optomechanics opens the way to a rich physics where the intrinsic properties of electrons, photons, and phonons can be exploited. NMS also enable the integration of quantum systems such as cold atoms, spins and optical photons in circuit quantum optomechanics.
